THE REACTION WHEEL PENDULUM

Karl J. Astrom
Department of Automatic Control

Lund Institute of Technology
Lund, Sweden

Daniel J. Block
College of Engineering Control Systems Lab
University of Illinois at Urbana-Champaign
Champaign, 1L 61820

Mark W. Spong
Coordinated Science Lab

University of Illinois at Urbana-Champaign
Urbana, IL 61801

(© 2001, All rights reserved.






Contents

Introduction

1.1 The Reaction Wheel Pendulum . . . . .. ... ... ... ... ... ... .....
1.2 The Pendulum Paradigm . . . . ... ... ... ... .. ...
1.3 Pendulum Experimental Devices . . . . . . . .. .. .. ... ..
Modeling

2.1 Angle Convention and Sensors . . . . . . . . ... oo e
2.2 Equations of Motion . . . . . . . . . . . . e e e e e e e e e e
2.3 Model Validation . . . . . . . . ..o
2.4 The Motor Dynamics. . . . . . . . . . . . . e e e e e e e
2.5 The Drive Amplifier . . . . . . . . . . .
2.6 Determination of Parameters . . . . . . . . .. ... Lo o o oo
SUIMINATY -t e e e e e e e e

Controlling the Reaction Wheel

3.1 Position Sensing . . . . .. L. L e e e e e e e
3.2 Velocity Estimation . . . . . . . . . . ..
3.3 Filtering the Velocity Signals . . . . . . .. .. . .. .. . oo
3.4 Velocity Observer . . . . . . . . . . L e e e e
3.5 Velocity Control . . . . . . . . . . e

13

14

14

17

19

20

21

24

27



CONTENTS

3.6 PIControl. . . . . . . . . e e e 36
3.7 Friction Modeling . . . . . . . . . L 37
3.8 Friction Compensation . . . . . . . . . . . . .. e e e e e e e e 38
3.9 Control of the Wheel Angle . . . . . . ... ... .. .. . .. 38
SUIMNINATY .ottt e e e e e e e e e 40
Stabilizing the Inverted Pendulum 41
4.1 Controllability . . . . . . . . . e 43
4.2 Control of the Pendulum and the Wheel Velocity . . . . . ... ... ... .. .... 44
4.3 Local Behavior . . . . . . . . . . . 48
4.4 Stabilization of Pendulum and Control of Wheel Angle . . . . . ... ... ...... 50
4.5 Effect of Offset in Angle and Disturbance Torques . . . . ... ... ... ...... 52
4.6 Feedback of Wheel Rate Only . . . . . . . . ... ... . .. ... ... ... 53
4.7 A Remark on Controller Design . . . . . . . ... ... ... 53
SUIMIMATY .« ettt ettt e e e e e e e e e e 55
Swinging Up the Pendulum 57
5.1 Nonlinear Control . . . . . . . . . . . o e e e 57
5.2 Some Background on Nonlinear Control . . . . .. .. .. ... ... ... ... 57

5.2.1 State Space, Equilibrium Points, and Stability . . ... ... ... ... ... 57

5.2.2 Linearization of Nonlinear Systems . . . . . . . . . ... .. ... ... 60

5.2.3 Passivity . . . . L 65
5.3 Swingup Control of the Reaction Wheel Pendulum . . . . . .. ... ... ... ... 67

5.3.1 Some Experimental Results . . . . ... ... ... ... ............ 70
SUININATY - ettt et e e e e e e e e e 73
Switching Control 75
6.1 Swingup Combined with Stabilization . . . .. ... ... ... ... 000, 75



CONTENTS 5

6.2 Avoiding Switching Transients . . . . . . . . . . .. ... L o 76
6.3 Finding Parameters of the Stabilizing Strategy . . . . .. ... ... ... ... ... 78
6.4 Switching Conditions . . . . . . . . . . .. 79
6.5 Experiments with Swingup and Catching . . . ... ... ... .. ... ....... 80
SUIMINATY .ottt et e e e e e e e e e e 83

7 Additional Topics 85
7.1 An Observer for the Pendulum Velocity . . . . ... ... ... .. .. ........ 85
7.1.1 Sampling the Observer . . . . . . . . . . . .. . . . 86

7.1.2 Estimation of Friction . . . . . . .. ... ... ... 88

7.1.3 Swingup with an Observer . . . . . . . . . . . .. o L o 90

7.2 More About Friction and Friction Compensation . . . . . ... ... ... ... ... 92
7.2.1 Friction Compensation . . . . . . . . . ... Lo Lo e e 96

7.3 Quantization . . . . . . .. Lo e e e e e 98
7.3.1 Velocity Estimates by Filtered Angle Increments . . . . ... ... ... ... 98

7.3.2 Velocity Estimates from an Observer . . . . . . . . ... ... ... ...... 101
SUMIMATY .o ettt ettt e aeee e e e e e e e e e e e e e e e 105
Bibliography . .....c.iniiiiii i i i i i i et i it 107



CONTENTS



”[ THINK,” shrilled Erjas, ”that this is our most intriguing discovery on any of the worlds we
have yet visited!” - PENDULUM by Ray Bradbury and Henry Hasse, Super Science Stories,
1941.

Chapter 1

Introduction

1.1 The Reaction Wheel Pendulum

The Reaction Wheel Pendulum, shown in Figure 1.1, is a simple pendulum with a rotating
wheel, or bob, at the end. The wheel is actuated by a 24-Volt, permanent magnet DC-motor and

Figure 1.1 The Reaction Wheel Pendulum

the coupling torque between the wheel and pendulum can be used to control the motion of the
system. The Reaction Wheel Pendulum may be thought of as a simple pendulum in parallel with
a torque controlled lumped inertia and therefore a double integrator . As such it is the simplest
of the various pendulum experiments available and is very well suited to illustrate a wide range of

control problems.
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This report describes the dynamic modeling, identification, and control of the Reaction Wheel
Pendulum and includes suggested laboratory exercises illustrating important concepts and problems
in control. Some examples of the problems that can be easily illustrated using the Reaction Wheel

Pendulum are

Modeling

Identification

Simple motor control experiments velocity and position control
Nonlinear control of the pendulum

Stabilization of the inverted pendulum

Friction compensation

Limit Cycle Analysis

ybrid control - swingup and balance of the pendulum

This report can be used as a supplemental text and laboratory manual for either introductory
or advanced courses in feedback control The level of background knowledge assumed is that of a
first course in control, together with some rudimentary knowledge of dynamics of physical systems.

Familiarity with Matlab is also useful as Matlab is used throughout as a programming environment.

1. The Pendulum Pa adi m

The Pendulum is one of the most important examples in dynamics and control and has been
studied perhaps more than any other mechanical system since the time of alileo. In fact, alileos
empirical study of the motion of the pendulum raised important questions in mechanics that were
answered only with Newton s formulation of the laws of motion and later work of others. alileo s
careful experiments noted that a pendulum nearly returns to its released height and eventually
comes to rest with lighter ones coming to rest faster. e discovered that the period of oscillation
of a pendulum is independent of the bob weight, depending only on the pendulum length, and that
the period is nearly independent of amplitude for small amplitudes . All of these properties are

now easily derived from Newton s laws and the equations of motion, discussed below.

In physics courses the simple pendulum is often introduced to illustrate basic concepts like
periodic motion and conservation of energy, while more advanced concepts like chaotic motion are

illustrated with the forced pendulum and or double pendulum.

Many important engineering systems can be approximately modeled as pendula in order to gain

insight into their dynamic behavior and for control system design. For example, Figure 1.2 shows
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a rocket whose pitch angle can be controlled during ascent by varying the angle, , of the thrust

vector. The pitch dynamics of the rocket can be approximated by a controlled simple pendulum.

Heading

Thrust .

Figure 1.2 Thrust Vectored Rocket Control. The rocket acts like an inverted pendulum balanced

at the end of the thrust vectored motor.

In Biomechanics, the pendulum is often used to model bipedal walking. In the so-called

model, shown in Figure 1.3, the in contact with the ground is modeled as an
inverted pendulum while the , behaves as as freely swinging pendulum, suspended from
the hip. In fact, studies of human postural dynamics and locomotion have found many similarities
with pendulum dynamics. Measurements of muscle activity during walking indicate that the leg
muscles are active primarily during the beginning of the swing phase after which they shut off and
allow the leg to swing through like a pendulum. Nature has thus taught us to exploit the natural
tendency of the leg to swing like a pendulum during walking which partially accounts for the energy

e ciency of walking.

Likewise, quiet standing requires control of balance. So-called results from stretch
re exes in the muscles, which are a type of local feedback stabilization of the inverted pendulum

dynamics involved in standing.

1. Pendulum e imental e ice

There have been several devices used to illustrate the dynamics of pendula and to allow control

system design and implementation. The oldest of these ideas is the so-called system
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Stance Leg *> Swing Leg
(Inverted Pendulum) | (Hanging Pendulum)

Figure 1.3 Ballistic Walking. The swing and stance legs are modeled as coupled pendula.

shown in Figure 1.4. In this system, the pivot point of the pendulum is moved linearly in order to

control the pendulum motion. Later innovations of this idea were the , shown in Figure 1.5,

Figure 1.4 Cart-Pole System

and the , shown in Figure 1.6.

In both devices the second or distal link is a simple pendulum whose motion is controlled by
the rotational motion rather than linear motion of the first or proximal link. The Pendubot is
designed so that the axes of rotation of the two links are parallel while in the Furuta Pendulum,

the axes of rotation are perpendicular.

The Reaction Wheel Pendulum is the newest and the simplest of the various pendulum experi-
ments due to the symmetry of the wheel attached to the end of the pendulum. As we shall see in

the next chapter on Modeling, this symmetry results in fewer coupling nonlinearities in the dynamic
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Figure 1.5 The Pendubot

Figure 1.6 Furuta Pendulum

equations of motion and hence a simpler system to analyze, simulate, and control.

11
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Chapter

Mode in

The first step in any control system design problem is to develop a mathematical model of the
system to be controlled. In this section we will develop mathematical models for the Reaction
Wheel Pendulum from first principles and we will then perform some experiments to validate the
model and to determine the parameters. Nonlinear models will first be derived using the Lagrangian
Approach. These models will later be linearized and the linear models will be used to design control
strategies. In later sections we will return to the nonlinear model and investigate the application
of more advanced nonlinear control strategies for the problem is swingup control. A schematic

diagram of the Reaction Wheel Pendulum is shown in Figure 2.1.

PENDULUM

ROTATING DISK

Figure 2.1 Schematic diagram of the system.

13
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.1 n le on ention and en o

We have chosen the angles as in Figure 2.1 because it is natural to use gravity to line up the
pendulum hanging down. The angle is the angle of the Pendulum measured counterclockwise

from the vertical when facing the system and is the wheel angle measured likewise.

The Reaction Wheel Pendulum is provided with two optical encoders. These encoders are
as opposed to encoders and thus measure only the relative angle between their

fixed stator and movable rotor. Their values are initialized to zero at the start of any experiment.

One encoder is attached to the fixed mounting bracket with its rotor shaft attached to the
pendulum link. It thus provides a measure of the relative angle between the pendulum and the
fixed base. The other encoder is attached to the motor fixed at the end of the pendulum. It s rotor
shaft is attached to the rotating wheel and thus provides the relative angle between the pendulum

and wheel.

If we denote the encoder angles as and , respectively, then we see that

2.1
2.2

Later we will discuss various issues, such as noise and quantization associated with the digital
measurement of these angles and also the problem of estimating the angular velocities from the

encoder values.

. uation o otion

A convenient way to derive the equations of motion for mechatronic systems is the so-called
. The Lagrangian method allows one to deal with scalar energy functions rather

than vector forces and accelerations as in the Newtonian method and is, in many case, simpler.

The Reaction Wheel Pendulum has two degrees of freedom and we take as generalized coordi-
nates the angles of the pendulum and  of the rotor as shown in Figure 2.1.. We introduce the

following variables

mass of the pendulum
mass of the rotor

combined mass of rotor and pendulum
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moment of inertia of the pendulum about its center of mass
moment of inertia of the rotor about its center of mass
distance from pivot to the center of mass of the pendulum
distance from pivot to the center of mass of the rotor

distance from pivot to the center of mass of pendulum and rotor

and we define

Furthermore, we introduce the quantity

2.3

The Lagrangian method begins by defining a set of C , ,
to represent an -degree-of-freedom system. These generalized coordinates are typically
position coordinates distances or angles .
In terms of these generalized coordinates, one then must compute the y s
and the . In general, the inetic Energy is a positive definite function of
the generalized coordinates and their derivatives, while the Potential Energy is typically a
function of only the generalized coordinates and not their derivatives .
In a multi-body system, the inetic and Potential Energies can be computed for each body
independently and then added together to form the energies of the complete system. This
is an important advantage of the Lagrangian method and works because energy is a scalar
valued, as opposed to vector valued, function.
Once the inetic and Potential Energies are determined, the ,
, is then defined as the difference between the inetic and
Potential Energies. The Lagrangian is therefore a function of the generalized coordinates
and their derivatives.

It can be shown then, that the equations of motion have the form

The variable  represents the generalized force force or torque in the  direction.
These equations are called and have the remarkable property of re-

maining invariant with respect to arbitrary changes of coordinates.
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The kinetic energy, , of the system is the sum of the pendulum kinetic energy and the rotor
kinetic energy and can be written in terms of the above quantities as

1 1
- - 2.4
2 2

We assume that the potential energy, , of the system is due only to gravity. Elasticity of the
motor shaft or pendulum link would result in additional potential energy terms but we will assume

that these effects are negligible. Thus the potential energy is
1 cos 2.5

where we have chosen to define the potential energy as being zero when the pendulum is hanging
in the downward equilibrium. It is interesting to note that the potential energy does not depend on

the rotor position since the mass of the rotor is distributed symmetrically about its axis of rotation.

The Lagrangian function, , is then given by
1

1
2 3 cos 1 2.6
Taking the required partial derivative of the Lagrangian we find

— — sin

In our case the torque produced by the motor results in a torque acting on the rotor and
acting on the pendulum. These are the two generalized forces in the and directions, respectively.

Neglecting friction forces and the electrical dynamics of the DC-motor, the torque is given by
2.7

where is the torque constant of the motor and is the motor current. Lagrange s equations are

therefore
sin
2.8
The system given by Equation 2.8 is characterized by four parameters , and
owever, dividing through by the moments of reaction, and , respective, gives
——sin —

2.9
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Thus the equations of motion are actually characterized by three parameters — , —, and

—. Notice that the parameter is the frequency of small oscillations of the system around the

hanging position.

. odel alidation

Physical system modeling always involves trade-offs between accuracy and simplicity. That is, we
would like the simplest model that still captures all of the important dynamic effects in the system.
In order to derive the above model of the Reaction Wheel Pendulum we made several simplifying
assumptions, for example that elasticity in the pendulum link and motor shaft was negligible and

that friction could be ignored.

Our first experiments are designed to investigate the validity of these modeling assumptions and
to determine the parameters appearing in the equations of motion.. We will first investigate the

system when there is no control torque. It then follows from Equation 2.9 that

——sin 0
2.10
0
Notice that the first equation is the equation for a pendulum with mass , moment of inertia

and center of mass at a distance from the pivot. The motion of such a system is well known.
If the pendulum is initialized at an angle it will oscillate with constant amplitude. For small
amplitudes the frequency of oscillation is ~ . The second equation is simply a double
integrator. If the angle  and its derivative are zero the angle will remain zero for all times. One
way to explore these equations is to investigate the motion when the pendulum is initialized at a

given angle  with zero velocity and to investigate if will be periodic and  will remain zero.

xperiment 1 Simple xperiment with ree Swinging Pendulum

20

Figure 2.2 shows the measured pendulum angle and rotor angle  for one such experiment The
behavior of the pendulum angle appears to be in reasonable agreement with the model. The rotor

angle, however, is nearly identical to the pendulum angle, which is not predicted by the model.

The reason for this is that there is friction between the pendulum and rotor. In effect, the rotor

sticks to the pendulum and oscillates along with the pendulum.



18 C TE O E N

AR AR Y
T

o

|
N
T

-2

2

Figure 2.2 Motion of the system when no control is applied.

To get more insight into what happens, we introduce the friction torques explicitly in the equa-
tions of motion. Equation 2.8 then becomes

sin
2.11

where  is the friction torque on the pendulum axis and  is the friction torque on the rotor axis.
The torque  depends on the and and the torque  depends on and . The curves
in Figure 2.2 indicate that the friction on the rotor axis is so large that the rotor is practically

stuck to the rotor. This implies that . Adding the equations above we find
sin

Notice that the friction torque on the rotor axis vanishes. This is very natural since there is no
motion of the rotor relative to the pendulum. Also notice that, when the rotor and pendulum are

stuck together and oscillate as a single mass, the frequency of small oscillations is

instead of

More insight into the friction torque can be obtained by plotting the energy of the pendulum
as a function of time. Expressions for the kinetic energy Equation 2.4 and potential energy
Equation 2.5 were already obtained when deriving the equations of motion. If the rotor is fixed

to the pendulum the energy becomes

L 1
2 coS
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Free Response of Link and Rotor Angles

”fUWWWl!/Il’ll/ll“Mll/llH!HHI\llHlll\llmlmlmIHnlmmnlmmmmnnnnnmnmnmnnnnmn
g \ ”\MII[HHHHHWIH i H]}|HIIUIHH[U|HIIIUIUHlUlleuulIH|uHHuu||Humuumumuumunl
o | | Total Link‘EnergyD:Jring Free‘Responls,? —

Figure 2.3 Total energy versus time for the data in Figure 2.2 .

Figure 2.3 shows the total energy as a function of time for the data in Figure 2.2. The energy decay
due to friction  at the pendulum axis is quite small. Figure 2.3 indicates a time constant of nearly
one minute. For this reason we will ignore the pendulum friction in the subsequent modeling but
we will model the rotor friction since it has a significant in uence on the system. Before doing this

we will go ahead and make estimates of the parameters of the model.

The oto namic

The equation of motion for the motor is

— 2.12

where is the inductance of the rotor, is the resistance of the rotor, is the back EMF constant
of the motor which is identical to the torque constant in mks-units and is the applied voltage.
The term  represents the back EMF. The electrical time constant of the motor is 0 0005.
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With a current controlled motor the applied voltage is changed to compensate for the back EMF.
It follows from the above equation that the compensation required increases with the velocity. There
are, however, physical limits to what can be achieved. If the maximum voltage of the drive amplifier
is it follows from the above equation that the current feedback will cease to function if the
rotor velocity is su ciently large. Neglecting dynamics in Equation 2.12 we find that to obtain
a positive current we must require that and similarly that a negative current can be
generated only if . The drive amplifier with current feedback will thus only function

as intended if
2.13

No torque is generated if this inequality is not satisfied.

The current , which we have taken as the control input, is thus filtered by the motor with a

time constant of 0 0005 s. There may be additional dynamics due to the current feedback loop.

. The ie mlie

The motor current is generated by a pulse width modulation system. The basic cycle is 25 k z.
Each cycle is divided into 500 segments and the control signal sets the duty cycle. The pulse width
modulator is controlled from the computer. Due to the current feedback, the current is proportional
to the control command, , from the computer. The control variable used in the computer is scaled

so that 10 units correspond to maximum current. Therefore we can write
10 2.14

where the proportionality constant  satisfies

— 000493
10

An independent calibration of the torque constant can be made using a mechanical torque

meter and plotting the torque as a function of the current.

xperiment 2  etermination o Static Tor ue Characteristics

The results of such an experiment are shown in Figure 2.4. Notice that the curve has a dead-zone
at the origin because of friction. Fitting straight lines to the linear portions of the curve we get

0 00494 which agrees well with the value computed above.
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Torque Calibration Curve
0.05 T T T

Torque (N-m)
o

—0.01

—-0.02

-0.03

-0.04

~0.05 I I I I I I I I I
-10 -8 -6 -4 -2 0 2 4 6 8 10
Control Input (Range = -10 to 10)

Figure 2.4 Measured values of torque as a function of the control signal . Maximum torque
corresponds to 10.
. ete mination o Pa amete

aving found that the model is reasonable even if it is not perfect we will now determine the
parameters. The parameters can be determined from physical construction data and by direct

experiments on the system. It is useful to combine both methods to make cross checks.

Since the friction torque on the pendulum axis is small we will neglect it. The brushes in the
motor are the main contributors to the friction torque on then motor axis. To start with it will be
assumed that it can be modeled as Coulomb friction, i.e. a constant torque that is in the opposite
direction of the motion. From the curve in Figure 2.4 we find that approximately one unit of
control is required to make the system to move. This means that the Coulomb friction torque is
approximately 0 005 Nm. It follows from the data sheet for the motor that this is twice the friction

torque of the motor without load.

aving obtained an estimate of the friction torque on the rotor axis we will now proceed to
determine the parameters of the system. It is convenient to use the normalized representation
given by Equation 2.9 which is close to physics and has few parameters. The input will however
be chosen as the variable in the computer that represents the control signal. The model then

becomes.

— sin

2.15
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where  represents the friction torque on the motor axis, _, _ — —

10 7’

Note that the friction torque depends on the motion of the rotor relative to the pendulum. It is
convenient, however, to express it as in Equation 2.15 because the friction torque is then expressed
in the same units as the control signal. If we want to convert it to Nm we simply multiply by the
value by . The value of is approximately 1. Later we will show that depends on the angular

velocity.

By measuring the dimensions of the components, weighing them and computing moments of

reaction using simplified formulas we find.

02164kg 223310 kgm 01173 m
0 0850 kg 249510 kgm 01270 m

From these values we obtain

03014kg
0 1200 m
457210 kgm

—— 8856rad s

———  8832rad s

The data sheet for the motor Pittman LO-CO 8 22 gives the following values
27410 Nm A Motor Torque Constant

121 Armature Resistance
18A Maximum Motor Current

0 00627 Armature Inductance
387 10 Nm Maximum Motor Torque

0 5ms Electrical Time Constant
822rad s Maximum Motor Speed
22V Maximum Motor Voltage

Performing the indicated calculations, we find that the parameters of the model are

78 4
108
198

The controller parameters can be computed with the Matlab program shown at the end of this

chapter. We can obtain a cross check by determining the parameters experimentally. The parameter
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was already obtained in the model validation. The parameters and can be obtained from
the following experiment. Apply a control signal  for a short time . If issu ciently small the

sinusoidal term in Equation 2.15 can be neglected and the equation becomes

Both angles will then change quadratically during the interval 0 with rates given by the
parameters , and . At time we have

where  is the control signal required to compensate for friction. The velocities will then remain
constant. It is useful to repeat the experiment for different values of the control signal to investigate
if the system is linear. To make sure that the sinusoidal term is negligible the pulse width should

be chosen so that is small.

xperiment 3 Applying a Tor ue Pulse to the System
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umima
In this Chapter we have found that the Reaction Wheel Pendulum can be described by the
model 2.15 , i.e.

sin

The angles are given in radians, the control signal is the control signal used in the computer
and is constrained to lie in the range 10. One unit of corresponds to a torque of 0.0005
Nm. The variable represents the friction torque on the rotor axis. The friction is in
the range of 1 to 2 torque units.

The parameters have the values

78
108
198

There are additional dynamics because of the motor time constant which is of the order of
0 5 ms. There is also an additional delay in the sensing, which depends on the sampling
period used in the computer. This will be discussed more in the next chapter.

We note that the system is nonlinear, but approximately linear for small values of . In
addition to the nonlinear gravitational force acting on the pendulum there are additional
nonlinearities in the system caused by friction and saturation of the amplifiers. The effects
of friction will be discussed later. The saturation effects are caused by the limited voltage
of the drive amplifier and the back EMF. The net effect is that no torque will be generated
by the rotor if the inequality 2.13 is violated.

It follows from Equation 2.12 that the maximum motor velocity is given by

227

2
000274 828 rad s

An alternative would be to include the dynamics of the motor current given by Equa-
tion 2.12 with the current feedback in the model and introduce a limit on the voltage.
This would make the model more complicated. Since we are interested in controlling the
pendulum which has a natural frequency of about 9 rad s and the electrical time constant
of the motor is of the order of 0 5 ms we have chosen to use the simple model and treat

2.12 as unmodeled dynamics.
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kpp=-444, kdp=-39.6, kdr=-0.0716, Tf=20 ms
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Pendulum Angle with Energy Control
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Swingup kpp=-389, kdp=-44, kdr=-0.101, Tf=10 ms, 30 deg
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Swingup kpp=-389, kdp=-44, kdr=-0.101, wo=100, 30 deg
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Swingup kpp=-389
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Stabilization kpp=-496,

0, kpr=-0.396, kdr=-0.153, Tf=10ms
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